Abstract. The energy loss spectrum of 150 GeV muons has been measured with a prototype of the ATLAS hadron calorimeter in the H8 beam of the CERN SPS. The differential probability dP/dv per radiation length of a fractional energy loss v = ∆E µ /E µ has been measured in the range v = 0.01 ÷ 0.95; it is compared with the theoretical predictions for energy losses due to bremsstrahlung and production of electron-positron pairs or of energetic knockon electrons. The integrated probability 0.95 0.01 (dP/dv)dv is (1.610 ± 0.015 stat ± 0.105 syst ) · 10 −3 in agreement with the theoretical predictions 1.556 · 10 −3 and 1.619 · 10 −3 . Agreement with theory is also found in two intervals of v where production of electron-positron pairs and knock-on electrons dominates. In the region of bremsstrahlung dominance (v = 0.12 ÷ 0.95) the measured integrated probability (1.160 ± 0.040 stat ± 0.075 syst ) · 10 −4 is in agreement with the theoretical value of 1.185 · 10 −4 , obtained using the Petrukhin and Shestakov description of the bremsstrahlung process. The same result is about 3.6 standard deviations (defined as the quadratic sum of statistical and systematic errors) lower than the theoretical prediction of 1.472 · 10 −4 , obtained using Tsai's description of bremsstrahlung.
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Introduction
The search for heavy Higgs bosons via their decay to Z and W pairs at the Large Hadron Collider requires the detection of muons with energies in excess of 100 GeV. It is well known that in this regime the energy loss of muons in iron or higher Z materials is dominated by radiative effects. In the ATLAS [1] detector muons will be measured by tracking chambers within a toroidal air-core magnet after they have crossed more than 100 radiation lengths of material in the electromagnetic and hadronic calorimeters. It is therefore useful to check precisely the theoretical predictions for muon energy losses in such materials.
Energy losses of muons at very high energies, up to 10 TeV, have been measured in cosmic-ray experiments [2] [3] [4] . In these experiments muon energies were measured with a magnetic spectrometer and reasonable agreement between data and calculations was found, except in the region of very small energy losses [4] .
Energy losses of muons up to 200 GeV were measured in various accelerator experiments. The measurements by the European Muon Collaboration [5] are in the region of bremsstrahlung dominance and good agreement was found with Tsai's [6] description of this process. The data of the BCDMS Collaboration [7] as well as the results of the Siegen group [8] agree well with calculations [9] based on the Kokoulin and Petrukhin [10] pair-production formula and the Petrukhin and Shestakov [11] expression for bremsstrahlung. It was pointed out by Tannenbaum [12] that Tsai's description of bremsstrahlung differs from the Petrukhin and Shestakov calculations by approximately 20%. In the same paper the lack of precise measurements in the region of bremsstrahlung dominance (large fractional energy losses) is mentioned.
In this paper, a measurement performed in 1995 with 150 GeV muons incident on a prototype of the ATLAS Tile Calorimeter is described and the results are compared with theoretical predictions. For 150 GeV muons, the dominant energy loss process in the region from 1.5 to 5 GeV is expected to be electron-positron pair production, while energetic knock-on electrons dominate from 5 to 20 GeV, and photons from bremsstrahlung dominate the loss spectrum above 20 GeV. Therefore measuring the spectrum between Fig. 1 . Principle of the ATLAS Tile Calorimeter module. The direction of secondary particles produced in future LHC pp collisions is shown by the arrow Hadrons. In the experiment described, muons cross the tiles at perpendicular incidence along z direction 1.5 and 150 GeV allows one to check the contributions from all three processes.
Experiment and data analysis
The ATLAS Tile Calorimeter is an iron-scintillator sampling calorimeter equipped with wavelength-shifting fibre readout. An important feature of this calorimeter is that the scintillator tiles are placed perpendicular to the colliding beams; a detailed description of the calorimeter concept and of the prototypes is given elsewhere [13] . For the purpose of this measurement, the calorimeter was placed in the H8 beam of the CERN SPS, and oriented so that particles cross the tiles at perpendicular incidence (along the z-axis on Fig. 1 ). In this configuration the muon beam traverses alternating layers of iron (14 mm) and scintillator (3 mm); this relatively fine granularity gives a resolution of σ/E = 24%/ √ (E[GeV]) for electromagnetic showers. The fibres collecting light from the scintillator are read out by photomultipliers and are grouped in such a way that five calorimeter layers are defined. Each layer is approximately 20 cm thick and contains 8.8 radiation lengths (X 0 ) of iron. In the experimental setup, five calorimeter modules were stacked on top of each other, and the beam entered in the centre of the second, the third (central), or the fourth module. Walls of scintillator detectors [14] were placed on the upstream and downstream sides of the calorimeter. Particles of the momentum-analysed muon beam, with an energy E µ = 150 GeV, were triggered by three scintillator hodoscopes; the direction of incidence was measured by a pair of two-coordinate wire chambers. Approximately 550 000 muon triggers were used in this analysis.
A minimum-ionizing particle signal was required in scintillator hodoscopes and in the upstream scintillator wall in order to suppress trigger more than one entering particle. Hadron contamination was eliminated by cuts on the impact point and on the divergence of the beam together with the requirement that more than 95% of the signal be contained in the module traversed by the beam.
The electron contamination of the beam from muon decay was estimated to be negligible because the mean decay length of 150 GeV muons to electrons is about 10 6 m. The energy spectrum of electron candidates defined as events with zero signals (compatible with pedestals) in the last layer (35.2 ÷ 44 X 0 ) of the calorimeter and in the downstream scintillator wall is shown on Fig. 2 . As expected, the electron contamination is very low and its maximum signal is in the first layer of the calorimeter. A few events with energies of about 150 GeV having maximum signal in the second layer were also found in the data. The number of events is compatible with the GEANT Monte Carlo prediction that about 70% of electron-induced showers with an energy of 150 GeV give maximum signal in the first layer of the calorimeter and 30% of showers have a maximum in the second layer. After the contamination cuts, a sample of about 465 000 muon events is left.
In order to ensure full containment of electromagnetic showers produced by muon radiation or knock-on electrons and to suppress the electron background, only events with maximum response in the second or third layer (seen by the beam) of the calorimeter were selected and v max = 0.95 (142.5 GeV) was set as the upper limit of the studied interval of fractional losses. In order to calculate the effective length L eff over which showers with energy E shower (measured as described below) would be accepted with this selection method, the earliest and latest starting points (x min and x max ) of showers with the largest signal in the second or third layer were calculated using a well-known parametrization [15] of the longitudinal profile of the energy deposition of electromagnetic showers
The difference L eff (E shower ) = (x max −x min )/X 0 is shown in Fig. 3 as a function of the fractional energy loss v = ∆E µ /E µ ; it can be seen that L eff is rather precisely given by the thickness of two calorimeter layers (17.6 X 0 ) up to about 90 GeV (v = 0.6), while for higher energy losses the effective length decreases (due to the logarithmic longitudinal growth of showers) by at most 3%. L eff above 90 GeV is well described by
Acceptance calculations were cross-checked by GEANT 3.21 Monte Carlo simulations (which include muon radiative losses and knock-on electron production); the simulations confirm the analytical result, with larger errors for large muon energy losses.
The energy E shower lost by muons in the calorimeter is defined in this analysis by excluding the minimum-ionization signal. It was calculated by summing the signals in two to four consecutive layers and subtracting the experimental value of the most probable muon signal E mp in those layers. All consecutive layer signals in excess of E mp + 3σ mp were summed to obtain E shower (see Fig. 4 ). This method minimizes the correction from the low-energy ionization produced by muons and the error from its fluctuation. These corrections are important for the lowest energy losses: for The energy E shower is the sum of energies in three consecutive layers (second to fourth) with the signal above Emp +3σmp and with the most probable muon signal Emp subtracted. The arrow corresponds to the direction of the incident muon instance, for E shower = 1.5 GeV the muon ionization signal is almost 0.3E shower therefore it is imperative to subtract it from the total signal.
The subtraction procedure was also simulated using GEANT 3.21, in order to estimate the contribution of events with more than one shower to the differential probability distribution. One hundred thousand muons traversing the calorimeter structure were simulated; for each event the energy lost by muons in each of 55 iron and scintillator slabs together with the energy losses of electrons and positrons in the scintillators were recorded. Differential probability distributions obtained by forming the E shower sum with different subtraction procedures were compared with the distribution of the largest single energy loss in one iron slab (0.8 X 0 ), because the latter distribution can be directly compared with the theoretical results. After subtracting E mp the expected contribution of multiple shower events to dP/dv is 25%, 6%, and 0% for v = 0.01, 0.1, and 1. respectively, as shown in Fig. 5 . In the figure one may also see that subtraction of a truncated mean of the muon signal (1.6 times the most probable signal) fully eliminates multiple shower contributions.
Two different methods for the definitions of ∆E µ : • ∆E µ = E shower with the subtraction of the most probable signal followed by the correction of dP/dv, and • ∆E µ = E shower with the subtraction of the truncated mean signal have been used to analyse the data. The two methods give a difference in the total integrated energy loss probability of ±0.3% which was included in the estimate of the systematic error. The signal energy scale, i.e. the conversion factor used to obtain the energy of the signals from the digitized photomultiplier signals, was not independently known to sufficient (2), (3) and (5) in the text. The full curves are the sum of P , K, and B PS (lower one) and P , K, and B TS (upper one). The contribution of the energy loss due to photonuclear reactions (P H) is also shown accuracy and was therefore obtained from the data by several methods (see Fig. 6 ).
-The signal/energy conversion factor was varied to obtain the best fit to the theoretical distribution of muon energy losses (see Sect. 3). The main effect of this procedure is to set the energy of the end-point of the experimental distribution to the muon beam energy; the conversion factor thus obtained is quite insensitive to the integral of the energy loss spectrum and its detailed shape. -The conversion factor was calculated by requiring that the integral of the spectrum agree with theory. -In the central region between 7.5 and 30 GeV (v = 0.05 to 0.2) where the data corrections are low and the difference between theoretical descriptions is still below ±3%, the integrated probability was adjusted to its theoretical value. -The mean energy loss in the central region of v was fitted to the theoretical prediction. This method is insensitive to the common normalization factor.
To minimize the dependence of results on theory, the mean value of the conversion factor obtained by the first and the last methods was used in the analysis. The other methods gave conversion factors differing by ±3%. This value was used for the estimate of systematic errors. The lower limit of the analysed energy loss spectrum was set to 1.5 GeV because for this value the signal from the processes studied in this paper is sufficiently well separated from the most probable muon signal: [16] where
Finally the differential probability per radiation length of a fractional energy loss in the i-th interval was calculated as
where N i is the number of events in the i-th interval, N tot is the total number of events passing the cuts, ∆v i is the width of the i-th interval, L eff ( v i ) is the effective length for the mean v i of that interval. The measured differential probabilities per radiation length of iron are given in Table 1 and are plotted in Fig. 7 . The errors quoted are statistical only. The systematic errors of the energy loss spectrum are dominated by the uncertainty on the signal energy scale, which we take to be ±3%, by the uncertainty on the muon energy (±1.5%), and by the uncertainty on the iron absorber thickness (±1.0%). Because the systematic errors are correlated, the data have been processed with different values of the signal energy scale, of the muon energies, and of absorber thickness. The maximal positive and negative deviations of mean values were taken as systematic errors. The result is an overall systematic error on the differential probability of fractional energy loss dP/dv of ± 7%, which dominates the results in the lowenergy region, but is comparable to the statistical errors in the high-energy region.
Theoretical predictions
The theoretical predictions to be compared with these results are discussed next. The analytical expressions are given in full in order to facilitate comparison.
Pair production: The Kel'ner and Kotov expression [16] for the differential probability per radiation length of muon energy loss by pair production is
The constant C is given by C = X 0 ρN A r 2 e /A = 1.185·10 −2 . Here N A is the Avogadro constant, r e is the classical electron radius and α is the fine structure constant; X 0 , ρ, A and Z are the radiation length, the density, the atomic weight, and the atomic number of iron. The function F (E µ , v) is tabulated in [16] for lead and sodium at different muon energies. The interpolation of Kel'ner and Kotov's function F (E µ , v) for the energy loss of 150 GeV muons in iron is shown on Fig. 8 together with the parametrization used in this paper:
Knock-on electrons:
In order to describe the production of energetic knock-on electrons, the Bhabha formula [17] given by Rossi [18] is used (m e is the electron mass and C as defined as above):
Bremsstrahlung: In order to compare these results with predictions of muon bremsstrahlung, the expression given by Petrukhin and Shestakov [11] , and another calculation by Tsai [6] are used. The expression of Petrukhin and Shestakov dP dv
contains the screening function:
where m µ is the muon mass, δ = m
is the minimum momentum transfer to the nucleus and e = 2.718. The function Φ PS (δ) is an approximation of the exact screening function and is valid within 1% up to δ = 0.1m µ (v = 0.9 for E µ = 150 GeV) [11] .
In order to compare the previous formula with the differential probability distribution given by Tsai [6, 12] , his formula has been written as:
where the screening function Φ TS (δ) is: 
2 ) − 4(a δ)arctg(1/a δ). The functions φ 2 and ψ 2 are related to the functions φ 1 and ψ 1 by the equations from [6] : φ 2 (aδ) = φ 1 (aδ) − (2/3)/(1 + 6.5aδ + 6(aδ) 2 ) , ψ 2 (a δ) = ψ 1 (a δ) − (2/3)/(1 + 40a δ + 400(a δ)
2 ). These equations fix the asymptotic behaviour of φ 2 and ψ 2 :
φ 1 (0) − φ 2 (0) = ψ 1 (0) − ψ 2 (0) = 2/3 at zero momentum transfer and φ 1 − φ 2 = ψ 1 − ψ 2 = 0 for large arguments. Finally f coul = 4.197·10 −2 is the correction for the Coulomb interaction.
Screening functions for both the Petrukhin and Shestakov (Φ PS ) and the Tsai (Φ TS ) description of bremsstrahlung are plotted on Fig. 9 . Photonuclear interactions: Photonuclear interactions contribute also to the muon energy loss. The probability calculated by Bezrukov and Bugaev [19] is given by the formula from Ref. [9] :
where the function Γ (E µ , v) is given by 
with The contribution of photonuclear interactions is about 1% for the lowest values of the fractional loss v and about 5% for the highest v value (see Fig. 7 ), but it is suppressed by the selection criteria applied to the data which have been optimized for electromagnetic secondary products. The maximum contributions of photonuclear processes are estimated to be about 0.5% and 2% for the lowest and the highest values of v, respectively, and have been subtracted from the measured values of dP/dv. The values of these theoretical expressions over the observed energy-loss range are given in Fig. 7 ; the sum of the differential probabilities from the first three processes are given in the figure and in Table 1 . The data can be compared with the calculations of Kel'ner and Kotov for pair produc- Table 1 . Comparison of the measured differential probability values ∆P/∆v for fractional muon energy losses with theoretical calculations (dP/dv) P +K+B PS according to the addition of formulae (1), (2) and (3) and (dP/dv) P +K+B TS according to the addition of formulae (1), (2) and (5) in the text. Only statistical errors are quoted. The error of v is estimated as the r.m.s. value divided by the square root of the number of events in a given interval tion (curve P in Fig. 7 ), the Bhabha formula for knock-on electrons (K) and with Petrukhin and Shestakov's (B PS ) and Tsai's (B TS ) calculations for bremsstrahlung processes.
Comparison of experiment and theory
The theoretical predictions are in very good agreement with the experimental results over the whole analysed range of fractional energy loss v from 0.01 to 0.95. It is worth noting that there are no free parameters in the comparison of theory and experiment, except for the very weak coupling. This is introduced by the requirement that the end-point of the experimental energy-loss distribution match the muon energy. Since different processes dominate in different regions of v, theory and experiment can also be usefully compared in suitably chosen regions of the spectrum. The range of v analysed can be divided into the three intervals given in Table 2 . About 55% of the integrated probability ∆P = vmax vmin (dP/dv)dv in the first interval is due to the production of e + e − pairs; in the second interval 45% of the integral is due to knock-on electrons, and in the third interval the dominant contribution (60%) comes from bremsstrahlung. The results obtained in all three intervals agree within one standard deviation (defined as the quadratic sum of statistical and systematic errors) with the theoretical predictions of Petrukhin and Shestakov for bremsstrahlung. The integrated probability value ∆P P +K+B TS = 1.472 · 10 −4 in the region v = 0.12 ÷ 0.95 calculated with Tsai's description of bremsstrahlung is about 3.6σ (defined as the quadratic sum of statistical and systematic error) higher than the measured value ∆P = (1.160 ± 0.040 stat ± 0.075 syst ) · 10 −4 . This statement is illustrated further in Fig. 10 , in which detailed comparison of the data and theory is shown. It can be seen that the results favour the description of bremsstrahlung by Petrukhin and Shestakov which predicts a lower probability of catastrophic muon losses.
